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Denoising Diffusion Probabilistic Models

Denoising Diffusion Probabilistic Models, DDPM!?

Forward/Diffusion Process

€g (xb t)

1Denoising diffusion probabilistic models. Advances in Neural Information Processing Systems, 33, 2020
4/25



Denoising Diffusion Probabilistic Models

Forward Diffusion Process

q(mt|$t—1) = N(mﬁ VOtTt—1, (1 - Oét)I)
x; = y/arxi—1 + /(1 — a)er—1, where €1 ~ N(0,1).

o A MMIRTEE

Rl 1
EHRTq(x|x0) A

q(xi|zo) = N(me; Vairwo, (1 — a)T),
Hipa, = Hz 1 Q. Bl x; = \/aitX()—i—\/l — Q€.

REMB T B g (24| o IEF AT o E w0, H—MATUERESE 2,
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Denoising Diffusion Probabilistic Models

Proof

Xt = ouXe—1 +V1— o€
=V (Voa—1xi—2 + /1 —or—1€-2) + V1 — €1
= ooy 1X¢—2 + /a1 —ar-1€2 + V1 —are 1.

w1

HFei_oFe:_ 1 B2FRESHN, wi2BEAMSE, BMNOTEHENSE
Efww!] = [(vVary/T = ar)® + (VI = an)?L

= [Oét(l — Oétfl) + 1-— Ozt}I = [1 — Oétatflll.

ERIESe;
X = ooy 1Xe—2 + /1 — oo 1642

= ooy 10p—2Xe-3+ /1 —arar_104_ 2643
t t
=...= |IO¢¢X0+ 1—||O¢~;60.
=1 i=1
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Denoising Diffusion Probabilistic Models

Reverse Denoising Process

BNHFER— N REMLEIPEETTE, B
pe(xt—l‘xt) ~ (I(Xt—l‘xt)

EMarkovl¥,

q(Xe—1]%¢, X0)q(x¢[%o0)
q(x¢-1[x%0)

q(xe—1]x¢)q(xz) condition,on xo

q(Xt|Xt*1) = q(xt—l)

q(xt|xt—1,%0) =

ERUIBEMERT I PR

Po(Xe—1[xt) & q(xe—1[xt,Xo0)

2Luo C. Understanding diffusion models: A unified perspective[J]. arXiv preprint arXiv:2208.11970, 2022.
3Chan S H. Tutorial on Diffusion Models for Imaging and Vision[J]. arXiv preprint arXiv:2403.18103; 2024
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Denoising Diffusion Probabilistic Models

Reverse Denoising Process

ARE 2

FHDq(xe—11x6, X0) A—NEHDT N (xi-1; 1y (Xt,%0), By (t)), HF
(I—m-1)you (1 — ae)vai—1

Haq(Xt,%0) = —a, Xt TR
Eq(t) _ (1 — at)(l — \/at—l)I

1-—ay

q(xe|me—1,20)q(T—1]|T0)
q(x¢|xo)
_ N(zs; v/arws—1, (1 — o) DN (@115 /F— 120, (1 — @r—1)I)
- N (xe; Varxo, (1 — ax)I)
o exp {_ |:(xt - \/Eﬂcta) + (wtfl - \/Oétflwo) (Sﬂt - \/571521:0) ] }

Q($t—1|mt,930) =

2(1 70575) 2(1 7@1_1) 2(176“)
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Denoising Diffusion Probabilistic Models

Reverse Denoising Process

EEE, AEMBEschedule, I,()RBHH, FFUKINMIAZTESHULINESS, B
p9($t71|wt) = N(wt—l; Mo EQ(t))
AN M BHKLEETURSITE:

1
Dt a(ae sl o) || po(@erlw0) = 5y [llo — 1 ]
q

EEE

(I—mw-1)you (1 — o)y
— T+ — To

1—0oy 1—a;

o= at—l)\/atm I (1 — az)v/ar—1 @ — /1T — azeo
1-a K 1—a Vau

1 1—oy

= —xt — —F———€
A/ Ot ’ \/176575\/()& 0

Nq(wt7 "BO) =
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Denoising Diffusion Probabilistic Models

Denoising Diffusion Probabilistic Models

= 1 1
—
Ti,t) = —x — ————¢€q(s, 1
I’LB( ) ) \/& m ,—at ( ’ )
BIMNEZ I BFRE LR — Denoiser eg(w¢,t)o
Algorithm 1 Training Algorithm 2 Sampling
1: repeat 1: xr ~ N(0,1)
2 anq(xn) 2:fort="17,...,1do
i' b~ [J{fn(l(f)‘)rl’;l({l’ T} 3 z~N(0,1)ift >1,clsez=0
e~ , .
5: Take gradient descent step on 4 xXi-1= \/% Xt — ﬁfﬂ(xtat)) + oz
Vo ||e — ea(vArxo + VT = are. )| 5: end for
6: until converged 6: return xo
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Score-based Generative Models
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Score-based Generative Models

Score-based Generative Models, SGM*

Forward SDE (data — noise)
.— dx = f(x, t)dt + g(t)dw

4 “ score function
.e dx = [£(x,t) — ¢* (t)Vx log pi (x)] dt + g(t)dw

Reverse SDE (noise — data)

4y, Song, J. Sohl-Dickstein, D. P. Kingma, A. Kumar, S. Ermon, and B. Poole. Score-based generative
modeling through stochastic differential equations. In Proc. ICLR, 2021.
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Reverse SDE

EHE 1

T SDE:
dx = f(x,t)dt + G(x,t)dw, (1)

BB Reverse SDE 9

dx = {f(x,1) = V- [G(x,)G(x, 1) ] = G(x,1)G(x, 1) Vx log pe(x)}dt + G(x, t)dW

v
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Score-based Generative Models

Proof Sketch

SDE (1)HJFokker-Planck /5 253

gy O+ 5 303 S [Z_ﬁ (%, )G (x, Opr (x )]

1 d
s U0 0001+ 5 3 5

k=1
AEE
d a d
287 [Z (%, )G jx(x, t)pe(x )]
j=1 "7 |k
d 8 d d d 8
:Zﬁx- D Gir(x,1) Gy Xt} +ZZGm (%, ) G (%, t)pe (x )a—logpt( x)
j=1 "7 k=1 j=1k

= p()V - [G(x,1)G(x, 1) "] + pe(x)G(x, )G (x,1)" Vx log pe (x)
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Proof Sketch

[a]4% Fokker-Planck /5 2

d
ap5§x> _ Z 61 [fi(x, 1)1 ()]
0

.
Il

[P(x)V - [Gx, )G(x, )] + P ()G (x, DG (x, ) Vi log pe(x)

+
N =
.M@-
Q

X
1 i

~
Il

0
ox;

||
MR

{ e pe()

1

%[v (GO, )G 1)T] + G, 1) GOk, 1) Vi log pe() | pe(x)

.
Il

a_ Z %[mx Bype()],

B [B) %%

LTI S T ) @
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Score-based Generative Models

Proof Sketch
I8 (2), 15
8pt(X):7i 4 [fi(x,t)p (x)}+lii o ZG (%, )Gk (x, t)pe (x)
ot 2 (9131 i\ X, t 9 et 81’18953 ik ik t
He

f(Xa t) = f(X, t) -V [G(X, t)G(Xa t)T] - G(Xv t)G(X, t)TvX Ingt (X)
FffAReverse SDE ¥

dx = {f(x,t) — V- [G(x,1)G(x,1)"] — G(x,t)G(x,t) Vi log p:(x)}dt + G(x, t)dw
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Forward Process of DDPM & OU Process

EEEHNATE =1,2,...,N, DDPMAREIEIMNETIE

=1 - Bixi—1 +/Bizi-1, zi—1 ~N(O,I).

EXEEZKAt = 1, t€{0,1,---, Y 1}. flkEscheduley

/31:/3(1'). L _ 5t + ana, N%oo,ﬂ(%) B

N) N
TR
x(t+ At) = /T — Bt + At Atx(t) + /Bt + At)Atz(t)
o x(t) = 3 Bt + AABX(R) + /Bt + A)Ata(r)
~ ()—%5 t)Atx(t) + /B(t) Ata(t)
HAt — 0,

*775 )xdt + +/B(t)dw.
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DenoiserfiScore Y% %

3|32 1 (Tweedie Formula)
SNF—NSHENEE: ~ N (2 p,,3.), B

Elp,|z] =z+ X.V.logp(z)

fEDDPM, FRATERRE
q(ze|z0) = N (243 Var o, (1 — &)I)
BiF Tweedie Formula
E [p,,|x] = Vawwo =z + (1 — @)V log p(a:)

e ap(l—ae— +i/at—1(l—« .
HNElp, (@0, @) = Lot e B (000%0 pygy

T—ay

1—C¥t

1
py(Te, o) = \/707% + Ja Vlog p(x:)
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DenoiserfiScore Y% %

AT AT 2 S RS coreit B

/"’e(mtv t) =

X
o — z: + (1 — &) Viog p(xs) _ T — V1 — aep
’ Var Var

AT LB E DenoiserFiScore i Bt &

1

Viogp(x:) = fﬁ
- t

€0
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Reverse OU Process

@ Forward process
dX; = —B:Xdt + /26:dB:

@ Backward process (BP)

dY, = Br_i{Y¢ +2Vlog pr—¢(Y:) }dt + /2B7r—:dB;
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Diffusion Model YATS4 3 1f

o Girsanov EIB
o Chen S, et al. Sampling is as easy as learning the score: theory for diffusion models
with minimal data assumptions. ICLR. 2023.
o Chen H, et al. Improved analysis of score-based generative modeling: User-friendly
bounds under minimal smoothness assumptions. ICML. 2023.
o Benton J, et al. Nearly d-Linear Convergence Bounds for Diffusion Models via
Stochastic Localization. ICLR. 2024
o Log-Sobolev inequality
o Convergence for score-based generative modeling with polynomial complexity.
NeuralPS. 2022.

e Convergence of score-based generative modeling for general data distributions. 2023.
o Hfth
o A Note on the Convergence of Denoising Diffusion Probabilistic Models. TMLR. 2024.
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Reverse Diffusion Monte Carlo®

WREBRHAz o e (), & Reverse Diffusion Process

dXt = BT—t{Xt + QV IngT_t(Xt)}dt =+ 1/ 2,BT_tdBt

5|3 2

The score function can be rewritten as

e T gg—x

Ve log pr—i(x) = Boo~ar —i(lo) [T Zgmatr=ny

where )
)

2 (1 —e2(T=1)

gr—t(zo|x) x exp | —fi(xo) —

®Huang X, Dong H, Yifan H A O, et al. Reverse diffusion monte carlo[C]//The Twelfth International
Conference on Learning Representations. 2024.
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Reverse Diffusion Monte Carlo

Algorithm 1 RDMC: reverse diffusion Monte Carlo
1: Input: Initial particle &y sampled from py, Terminal time 7', Step size 1, 77’, Sample size n.
2: fork=0to |T/n] —1do
3. Setw, =0;
4:

Create n Monte Carlo samples to estimate
—(T—kn)

~F Epy—€ x h - H&',kn_c—(T—kn)m”z
Uk = Ba~gr _TTI—WT » where g7 (¢|&rn) o exp | —fu(x) — 21— 2TEm) )
E(ps1yy = &gy + (€7 — 1) vp + & where £ is sampled from NV (0, (27 — 1) I).
end for
7: Return: &7/, -

A
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More Topics

Thanks & Questions
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